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1) Introduction

Nanofluidics: 
fluid flows in channels with a least one nanometric dimension

(Here: fluid = water / nanometric dimension = 1 to 500 nm)



From soils…                                                                                            

SEM picture of the soil of a kaolin mine in middle 
Georgia. http://clay.uga.edu/courses/8550/DBK.html

Gypsum

1) Introduction



… to living cells.                                                                                           

1) Introduction

a-hémolysine
aquaporines

Mechanosensitive channels…
Sui et al., Nature 2001



What is new?

1) Introduction

• New synthetic systems: zeolites, 
imogolytes, nanotubes, nanofabrication

• New tools for study: optical and 
electronic microscopes, electrical
detection, surface force apparatus, MD 
simulations.

• New applications
Neher and Sakmann 1976
Patch-clamp

LPN, Marcoussis

Gravelle S et al.The Journal of Chemical Physics 2014; 141: 18C526.



New applications

1) Introduction

• Bio-analysis with single molecule resolution
• Specific hydrodynamic transport (super-lubricity)
• Specific ionic transport
• Applications in energy conversion



New applications

1) Introduction

Kim et al., PRL 2007
Son et al., BioChip J. 2016 Karnik et al., NanoLett. 2007

Filtering: Giant permeability CNT membranes Energy conversion

Non linear effects: nanofluidic diodeDiagnosis: Concentration polarization

Holt et al Science 2006 Straub et al., Nature Energy 2016



Limits of the macroscopic hydrodynamic description

1) Introduction

#limit 1: Size of object / size of the pore

#limit 2: fluctuation and thermal relaxation timescale
• Observations (experiments and simulations):

• Limits of viscosity definition: 1 nm for water...
• Other transport coefficients (diffusion): larger…



1) Introduction

determine the influence of the molecular mass on the event
frequency, we compare the recorded current traces of
25 mM PEG 1, 2 and 3.4 kDa. A decrease in the event
frequency is observed when the chain size increases. As
expected theoretically [26,38] due to the free energy re-
quired for a chain to enter a nanopore and as already
observed experimentally [8,10], we check that the loga-
rithm of the equilibrium association constant log ðKfÞ is
inversely proportional to the molecular mass of the poly-
mer (see the data in the Supplemental Material [37]).
Moreover, large molecular mass (# 10 kDa) polymer
transport is not observed in the range of weak concentra-
tions (lower than 15%), as described in previous experi-
ments [8].

In order to force the entry of long chains, it is necessary
to increase the PEG concentration, which becomes greater
than the overlap concentration c$, calculated by the rela-
tionship c$ ¼ N=½ð4=3Þ!R3

g' [25], where Rg is the radius
of gyration of the chain (see the Supplemental Material
[37]). From this, we deduce the overlap mass concentration
c$ðw=vÞ ¼ M=N A½ð4=3Þ!R3

g', where N A is the
Avogadro number. As c > c$, the polymer chains are in
the semidilute regime, characterized by the mesh size " of
the polymer network [25] given by the scaling relation " ¼
a#( 0:75. a ¼ 0:35 nm is the size of each monomer, taking
into account the interactions with the solvent. # is the
volume fraction of the polymer given by # ¼ $w=$c,
with $ the chain density, almost equal to the density of
water $w: " ¼ ac( 0:75.

The pressure force pushing the chains into the pore is
F! ’ !D2, where ! is the osmotic pressure and D the
pore diameter. This pressure force must overcome the
confinement force of the chain in a channel of radius D:
Fconf ’ kBT

D . The pressure ! must therefore be bigger than
kBT
D3 . As ! ’ kBT

"3 in the semidilute regime [25], we deduce

that " must be smaller than D for chains to enter the pore.
In the case of 35 kDa PEG, we vary the polymer con-

centration from 10% to 33% and we report event frequency

versus polymer concentration (Fig. 2). No blockade is
observed up to 25% polymer concentration (see the right-
hand side of Fig. 2). Above 25%, the event frequency f
increases with concentration. From the intersection be-
tween this curve and the bottom axes, we determine a
threshold concentration cth ¼ 24) 2:6% by linear
extrapolation.
The estimated radius of gyration of 35 kDa PEG in a

dilute solution is 7.9 nm, which is very large compared to
the %-hemolysin pore radius (1 nm). The polymer cannot
enter the pore in the dilute regime (with c lower than c$ ¼
2:9%). When the concentration is increased above c$, the
polymer network mesh size (or correlation length) " de-
creases. At the threshold concentration observed here,
cth ¼ 24) 2:6%, we calculate "ðcth Þ ¼ 1:05 ) 0:1 nm, a
value very close to the radius of the %-hemolysin pore.
This key result is in very good agreement with de Gennes’s
theory [25]. Experiments are also performed with 20 kDa
PEG (Fig. 2) and 10 kDa PEG. Translocation events are
observed if the polymer concentration is above 25% and
15%, respectively. In both cases, polymer entry into the
channel is observed only if the correlation length " is
smaller than the pore radius. Note that the theory of
Daoud and de Gennes [26] applies only for very long pores,
much longer than the chain, which is clearly not the case
here. However, a threshold is observed because the free
energy of confined chains over the length of the pore is
much larger than the thermal energy kBT.
An important feature of polymer dynamics in the nano-

pore is the dwell time. This has been measured in the
semidilute regime where the molecular mass varies be-
tween 10 and 200 kDa (Fig. 3). Experiments are carried
out with pure solutions when molecular masses are lower
than 35 kDa; otherwise, mixtures of 35 and 100 (or
200) kDa chains, with several chain concentrations, are
studied. This procedure must be employed because of lipid
bilayer fragility. We clearly observe two types of blockade:
short ones lasting milliseconds and long events lasting
hundreds of milliseconds (Fig. 4). We attribute the long
ones to the 100 or 200 kDa because they are not observed
in the case of the pure 35 kDa solution.
This dwell time, reported in Fig. 3, increases with the

molecular mass of the polymer. Two regimes are observed:
the first one has molecular masses lower than 10 kDa
(Fig. 3). The dwell time increases slowly with M and is
independent of molecular concentration. The diffusion
dynamics are mainly governed by the dissipation inside
the channel and not by the polymer behavior outside the
pore. These dynamics are discussed in the Supplemental
Material [37]. In the second one, the dwell time of long
chains (M # 10 kDa) increases faster with M and is
moreover a function of molecular concentration.
To observe the dynamics of these large chains, all the

experiments must be performed in the semidilute regime:
the chains are entangled in a random network, themesh size
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FIG. 2 (color online). Event frequency of long neutral poly-
mers. Left: Histogram of the interevent time of a PEG 35 kDa
solution (33%). The event frequency (75 ) 6 Hz) is estimated
from the exponential fit (dotted line). Right: Event frequency for
the PEG 20 kDa [open (blue) circles] and 35 kDa [filled (red)
circles] according to their mass concentration.
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! of which is smaller than the pore size. If the chain is long
enough, the chain dynamics are governed by the reptation
phenomenon [25]. In the reptation model, the tube length is
L ¼ N

Ne
! ¼ N

N 0:5
e
a, where Ne is the number of monomers in

each blob. First, we consider the 10 kDa PEG at the thresh-
old concentration. As! ¼ 1:05" 0:1 nm, we calculate that
Ne # 9 and L # 27 nm: one third of the chain is confined
inside the pore and the other two thirds are entangled in the
semidilute solution. This case is situated at a crossover

where both mechanisms take place together, with dynamics
inside the pore and outside the pore.
When the molecular mass is larger than 35 kDa (N $

795), the tube length (L $ 93 nm) is longer than the pore
length of 10 nm. Consequently, the dynamics of the chain
in the "-hemolysin pore is dominated by the time neces-
sary for the chain, engaged in the pore, to be extracted from
the network of the other chains, and not by the confine-
ment, which is neglected. The reptation time varies accord-

ing to N 3: #rep¼ #0
N 3

Ne
, where #0 ¼ 6$%a3

kBT
¼ 2% 10&4&s.

Note that the reptation time also varies versus the
concentration through Ne, the number of monomers

per blob. It reads #rep¼ 6$%a3

kBT
N 3'1:5. We then define a

reduced time as #rep=c
1:5 ¼ ð2:4% 10&9 &s=Da3ÞM3.

Experimentally, we measure #exp=c
1:5 ¼ ½ð2" 1:8Þ %

10&9 &s=Da3*M2:8"0:2 (Fig. 3). The prefactor is in
order-of-magnitude agreement with the expected value.
There is good quantitative agreement between the experi-
mental determination of the exponent of the power law
dependency for large chains and the theoretical predictions
of the reptation model [30], which confirms that, under our
experimental conditions, entry is controlled by the phe-
nomenon of chain extraction.
Another observation of the transition between these two

regimes is obtained by measuring the normalized current
blockade (Fig. 4). For chains in the dilute regime, the
amplitude of this blockade is 0:61" 0:02. This average
value increases until 0:76" 0:01, when the chains are in
the semidilute regime (M> 35 kDa). In the first regime,
the current blockade depends on the dwelling nature of
each event [both bumping (with a low blockade) and trans-
location (with a large one)], as already observed [13]. In
the second regime, we observe only translocations, which
is why the current blockade is steady and does not vary
with chain size.
Our experiments open the way to new studies, in a

semidilute solution, of the dynamics of macromolecules
or biomolecules in confined geometry. The entry of small
chains is possible when their radius of gyration is smaller
than the pore diameter, in agreement with previous experi-
ments, and obeys the Daoud and de Gennes theories. The
dynamics in the pore is governed by a diffusion motion due
to the thermal energy. For the first time, the entry of large
chains into the nanopore is observed, but only in the semi-
dilute regime. The chain enters the pore as soon as the
polymer reaches a threshold concentration corresponding
to a mesh size with the same magnitude as the pore size, in
agreement with the theories of de Gennes. We have
demonstrated that the dynamics of long chains in the
pore scales in a manner consistent with a reptation
mechanism.
This work was supported by the Agence Nationale de la

Recherche. We are grateful to Kari Foster for her attention
to our manuscript and for kindly correcting the language of
this one.
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FIG. 4 (color online). Left: Single-channel current trace
through an "-hemolysin pore. We observe the dwell time of
the 200 kDa [left-hand (blue) circle] and &35 kDa [right-hand
(red) circle] (2%–98%) mixture. Right: Normalized current
blockade (1& Ib

I0
) as a function of molecular mass. The dotted

lines correspond to the average values 0:61" 0:02 [lower (blue)
line] and 0:76" 0:01 [upper (red) line].
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FIG. 3 (color online). Dynamics of neutral chains as a function
of molecular mass. Left: Histogram of the dwell time of PEG
35 kDa (c ¼ 33%) and its integrated distribution. From the
exponential fit (solid red curve), we estimate the dwell time to
be # ¼ 1250" 100 &s. Right: Dwell time # versus PEG mo-
lecular massM. c + 20% forM< 10 kDa; otherwise, c > cth .
Below: Reduced dwell time ( #

c1:5
) versus PEG molecular mass.

The dotted line corresponds to a power fit function (M $
20 kDa). The error bars are deduced from the exponential fits.
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Transport of Long Neutral Polymers in the Semidilute Regime through a Protein Nanopore
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We investigate the entrance of single poly(ethylene glycol) chains into an !-hemolysin channel. We

detect the frequency and duration of the current blockades induced by large neutral polymers, where chain

radius is larger than pore diameter. In the semidilute regime, these chains pass only if the monomer

concentration is larger than a well-defined threshold. Experiments are performed in a very large domain of

concentration and molecular mass, up to 35% and 200 kDa, respectively, which was previously unex-

plored. The variation of the dwell time as a function of molecular mass shows that the chains are extracted

from the semidilute solution in contact with the pore by a reptation mechanism.

DOI: 10.1103/PhysRevLett.108.088104 PACS numbers: 87.16.dp, 36.20.Ey, 82.35.Pq

All experiments concerning the dynamics of macromo-
lecules, neutral polymers [1–12], polyelectrolytes [13–17],
single-strand DNA [18,19] or RNA [20], and unfolded
proteins [21–23] through protein nanopores have been
performed in a dilute solution using the patch-clamp tech-
nique [24]. The cell nucleus, cytoplasm, and extracellular
matrix are semidilute media, where biomolecules are en-
tangled. Theoretical predictions describe the dynamics of
neutral polymers mainly in the dilute solution [25–29] but
rarely in the semidilute regime [30]. In this regime and
when the radius of the chain is larger than the pore diame-
ter, the molecules are expected to enter the pore only if the
polymer concentration is sufficiently large [31]. The os-
motic pressure due to the polymer network must overcome
the force necessary to confine one chain in the nanopore.
This behavior has already been observed experimentally in
porous media by neutron scattering [32–34]. The dwell
time is also expected to be different in this semidilute
regime and governed by the extraction of one single chain
of the polymer network into the nanopore. Consequently, it
is expected that the dwell time will increase with the chain
monomer number N as " ¼ "0c

1:5N3, according to a re-
ptation model [25].

Previous experiments on the transport of neutral poly-
mers [poly(ethylene glycol) (PEG)] have always been
performed in a range of low molecular masses (M<
10 kDa) and relatively low mass concentration (c "
15%), in a dilute regime where the chains are not en-
tangled. The pioneering experiment on molecular counting
was performed by Bezrukov [4], and the first detection of
RNA and DNA by Kasianowicz [20]. More recently,
Bezrukov has carried out experiments concerning the
transport of PEG in a dilute regime. If the polymers are
too large to be accommodated within the pore, the out-of-
the-pore part of the molecule pulls on the trapped part, thus
acting as an entropic spring [35].

In this Letter, we explore experimentally the transport of
very long polymers in a semidilute regime through an
!-hemolysin nanopore (Fig. 1). Lipid bilayers are prepared
using a classical method [36]. The chambers contain 1M
KCl in 5 mM organic chemical buffer HEPES at pH 7.4.
The ionic current is detected using an Axopatch 200B
amplifier by applying a constant voltage of 100 mV. The
acquisition frequency is 100 kHz. The data are filtered at
10 kHz and processed by dedicated software (Igor Pro,
Wavemetrics). The first experiments are conducted with
PEG of low molecular masses (M " 10 kDa) in a dilute
solution (see Table 1 of the Supplemental Material [37]).
The PEG chains are added to both compartments in equal
amounts. We increase the mass of the molecules to study
the dynamics of their entry into the pore. We check with
short chains (2 kDa) that the event frequency varies line-
arly with polymer concentration, in agreement with pre-
vious observations [10]. The dwell time (defined in Fig. 1)
does not vary as a function of the polymer concentration
(see the data in the Supplemental Material [37]). To
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FIG. 1 (color online). Left: !-hemolysin channel inserted into
lipid bilayers in the presence of long polymers in a semidilute
regime. # is the mesh size of this solution. Right: Single-channel
recordings of the pore in the presence of PEG 2 kDa 20% (w=v)
applied to both sides of the bilayer. The applied voltage is
100 mV.
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#1 Polymers: entropical cost of confinement



1) Introduction

#2 Limits of the continuum description: fluctuations

Water

N molecules : fluctuations expected of the order of 
1p
N

Reasonable experimental threshold 10% (100 molecules): 



1) Introduction

QUIZZ

Is continuum hydrodynamics valid for water in a:

a) 1 µm channel?

b) 1 nm channel?

c) 0.1 nm channel?
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2) Mass transport

Navier-Stokes equations for incompressible liquid

div~v = 0

⇢
@~v

@t
+ ⇢~v. ~grad~v = ⌘�~v � ~gradP

Momentum conservation

Mass conservation

MC Jullien’s talk



2) Mass transport

Stokes equation for liquid at the nanoscale

Low Reynolds number, (quasi)-stationnary flows

0 = ⌘�~v � ~gradP

div~v = 0

+ Boundary conditions



2) Mass transport

z

R

L

Q =
⇡R4

8⌘L
�P

z
h

L

Q =
h3

12⌘L
�P

Tubes

Slits

P+ P-
Q

No-slip boundary condition : vs=0



The flow rate through a tube of radius R= 10 nm, 
length L=10 µm and under a pressure difference of 1 
bar is:

a) 1 L/s
b) 1 µL/s (10-6 L/s)
c) 10 zL/s (10-20L/s)

2) Mass transport

QUIZZ



2) Mass transport

Measuring flow rate at the nanoscale: a difficult task!

#1 Direct measurement inside the channel

#2 Measurements of species transport at the exit of the channel

#3 Integrated measurements



2) Mass transport

vDO ⇠ ln(c1/c2)

A 

B 

C 

Lee et al., PRL 2014

(Mathwig et al. PRL 2012) –
no need of  optical acess.

Measuring flow rate at the nanoscale: a difficult task!

#1 Direct measurement inside the channel

• Diffusion/advection balance of dye repartition Q~50fL/min

• Cross correlation spectroscopy Q~1pL/min



2) Mass transport

• Landau-squire jet
• Punctual source, momentum conservation

o Probed with optical tweezers : Q ~ 100 pL/min 

o Fluorescent probe
(Secchi et al., Nature 2016)

(Laohakunakorn et al., Nanoletters 2013)-

• Particle translocation
o Zero mode wave guide
(Auger et al. PRL 2014)

#2 Measurements of species transport at the exit of the channel



2) Mass transport

• Coulter counting 100 fL/s
Gadaleta et al., Nanotechnology 2015

• Capacitive flow rate sensor 100 fL/s
Sharma PhD Liphy 2017

!

#3 Integrated measurements



1) Who wins?

2) Who fits expectations?

2) Mass transport

QUIZZ



2) Mass transport

Boundary condition: vs ⌿ 0 

Huang et al.PRL 2008
v(z = 0) 6= v0

Numerical observations



2) Mass transport
Boundary condition: vs ⌿ 0 
Experimental observations

• Surface force apparatus: Cottin-Bizonne et al. (2005)

• Confined Brownian movement: Joly et al. (2006)

e

FCS

R ~ mm

h (t)

F(t)



2) Mass transport

Formalism: friction coefficient and slip length

b =
⌘

�

Navier 1823

b

✓
@v

@z

◆

z=0

= vt

Viscous stress



2) Mass transport

Formalism: slip length
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2) Mass transport

z
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2) Mass transport

Slip length on textures

Lee, Choi, Kim, PRL (2008)

L
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2) Mass transport

The case of carbon nanotubes



2) Mass transport

The case of carbon nanotubes

Water, …Bakajin et al., Science 2006



2) Mass transport

In one single tube

Secchi et al., Nature 2016



2) Mass transport

Commensurability and Mango effect

�ext(R)

�in(R)

R

Smoothing of energetic landscape graphite/water

K. Falk et al. NanoLetters (2010)



1) 0rder of magnitude of the slip length – 1 or 100 nm.
a) Near a smooth hydrophobic surface
b) In a nanometric carbon nanotube

2) Does the slip length depends on the fluid velocity? 
Viscosity?

3) For CNNT, which ones are the most slippery? The 
large one or the small ones?

2) Mass transport

QUIZZ



2) Mass transport

Effect of geometry

Ultrathin membranes:

Q =
a3
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2) Mass transport
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Consequence 2: the case of aquaporins

2) Mass transport



Consequence 2: the case of aquaporins

Gravelle et al., PNAS 2013

b ì

2) Mass transport



2) Mass transport

From one to many pores

PhD C. Sempere



2) Mass transport

From one to many pores, enhanced permeability

K7

7K0
1

=
1

7
⌃i

 
1�

�i( a
L )

1 + 8`
3⇡a

!�1

L = distance between pores

PhD C. Sempere
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3) Electrokinetics

Lengthscales in fluids

Length scale

1 nm 10 nm 100 nm 1000 nm0.1 nm

Molecular 
scale

Debye length (1M – 10-4 M)

Slip length 
(water, ‘simple’ surfaces)

Slip length
(micro-, nano- textured

surfaces)

Continuum limit

`Dukhin’ length (1M – 10-4 M)

Fluctuations Fluctuations (thin films)

Bocquet, Charlaix 2012



3) Electrokinetics

Coupling between electrostatics and fluid dynamics (kinetics)

• Charges at the liquid/solid interface, surface charge density noted s

Si0H ! SiO� +H+

s: number of charge per unit area,
on the surface channel

H+ H+ H+ H+ H+ H+

0-
I

0-
I

0-
I

0-
I

0-
I

0-
I



3) Electrokinetics

Characteristic length 1

2R

Number of bulk ions: c0⇡R
2L

Number of surface ions: �2⇡RL

R � `Du

R ⌧ `Du

bulk dominates

surface dominates

Dukhin length

From 0.1 nm to 10 µm



3) Electrokinetics

Effect on channel conductivity

due to the chemistry of proton adsorption [15,17,18]. In
particular, the sensitivity of conductance measurements
to surface protonation will decrease if ! for the counter-
ions nearest the surface is enhanced with their decreasing
surface concentration. Also, if the mobility of adsorbed
surface protons is finite, their transport will compensate
the decreased transport potassium counterions. Such de-
scriptions of double layer transport treated in dynamic
Stern layer theories [10] are ignored here, as are such
complicating effects as finite ion size [8,19] and ion
correlations [19]. Our model nonetheless succeeds in
capturing the essential features of ion transport in nano-
channels with a single parameter,", that is comparable to
values measured independently by charge titration. The
data and model also suggest observable effects in chan-
nels as large as 100 !m at n ! 10 !M, emphasizing the
general relevance of surface-charge effects to relatively
large-scale channels, far from the double layer overlap
regime.

In order to test the influence of " on ionic transport in
nanochannels, we directly altered " by chemical surface
modification with octodecyltrichlorosilane (OTS), which
self-assembles on silica to form a covalently bound mono-
layer that reduces j"j because of the neutral CH3 head
group. Nanochannels were filled with toluene containing
mM concentrations of OTS, and then flushed with toluene
after 1 h. The channels were rinsed in acetone, then
isopropanol, and were then blown dry under nitrogen
before curing at 120 "C for 2 h. Under this treatment,
OTS molecules react with the negatively charged silanol
surface groups (SiO# ) and each other, resulting in a
covalently bound OTS layer that is charge neutral [20].
This OTS treatment rendered channels too hydrophobic to
fill with purely aqueous solution; therefore, ion transport
in these channels was tested using aqueous salt solution
mixed with 50% isopropanol by volume. We expect the

extent of OTS surface coverage, and hence the degree of
surface-charge neutralization, to correlate with the OTS
concentration used in the treatment.

The effect of OTS surface modification on the conduc-
tance properties of 87 nm high fused silica channels is
shown in Fig. 3, where the conductance of an untreated
channel is compared to channels treated with 1 mM OTS
and 3 mM OTS as a function of n. At high n, we observed
nearly identical conductance values that scaled with n as
we would expect in the bulk. At low n, the conductances
of the channels saturated at values that clearly depended
on the surface treatment: The untreated channel saturated
at the highest conductance, followed by the channel
treated with 1 mM OTS, and then the channel treated
with 3 mM OTS.

The data were compared to the ion transport model by
first fixing the unknown values of !, #, and $ for the
water-isopropanol mixture so as to fit the high-n behavior.
This three-parameter fit is not unique and therefore ex-
cludes numerical predictions of ". However, since the
conductance is linear in " at low n, it is possible to
compare the relative magnitudes of " between the three
channels. Assigning the value "0 to the untreated silica
channel, we find that " was reduced to 0:35"0 by the
1 mM OTS treatment and to 0:18"0 by the 3 mM OTS
treatment —a factor of 5 reduction relative to the un-
treated silica channel.

The role of " was also tested by varying pH. The
negative surface-charge density of fused silica is deter-
mined by the density of SiO# surface groups, and de-
pends on the pH of the solution [17]. As the H$

concentration is increased (pH is lowered) for a given n,
SiO# groups become protonated to become neutral SiOH,
reducing j"j. As a control, we have also investigated a
nanochannel coated with the polymer poly-L-lysine
(PLL), whose surface-charge density exhibits the

FIG. 3. Effect of surface-charge density on ion transport in
87 nm high fused silica channels. The conductance was mea-
sured in a 50%=50% mixture of isopropanol and diluted 1 M
KCl, 10 mM TRIS, pH % 8:0 aqueous solution in fused silica
channels treated with the indicated concentration of OTS.

FIG. 2. Channel height dependence of ionic conductance
behavior. The conductance of fluidic channels is plotted against
n for h % 1015, 590, 380, 180, and 70 nm. The curves represent
fits of the data to the electrokinetic model. The inset displays
the fit values of " as a function of h.
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Ø Saturation of the conductivity at low concentration

Stein et al., PRL 2004



3) Electrokinetics

Effect on channel conductivity

I =

Z

S
e(c+v+ � c�v�)dS
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3) Electrokinetics

Effect on channel conductivity

Karnik et al., Nanoletters 2007



3) Electrokinetics

Characteristic lengths 2-3
Ø Between two ions in bulk: the Bjerrum length

Electrostatic interaction / thermal agitation

`B =
e2

4⇡✏kT
+e

+e
r

0.7 nm at 25°C

Ø Between counter-ions and surfaces

`GC =
2✏kT

e�

r

s

+eIf s~1 e-/nm² -,
0.23 nm



3) Electrokinetics

Characteristic lengths 4
Ø Screening length: the Debye length lD

�D =

r
✏kT

2e2c0

1 mol/L, 0.3 nm

From Hartkamp et al., 2018



3) Electrokinetics

Coupled transport 

• Electro-osmosis

• Streaming current

• Streaming current: energy recovery efficiency



3) Electrokinetics

Electroosmosis

F. Reuss, Mémoires de la Société des 
naturalistes de Moscou, v. 2 (1809).

Applying a potential will induce a flow!



3) Electrokinetics

Audry 2010

Plug flow

J.G. Santiago
Stanford Micro
Fluidics Lab.

Electroosmosis



Electroosmosis

3) Electrokinetics

• Charges at interfaces (ionic surfactants)
Ø Counter-ions in the vicinity of the interface

(Electrical Double Layer: lD)

• Tangential electric field: force on the locally non-neutral
liquid

• Entrainment of the liquid: stationnary Stokes plug flow

vEO = �✏
⇣

⌘
rV⌘

@2v

@z2
= �f(z)

z

Surface charge density
Hydrodynamic boundary condition

f(z) = �(c+(z)� c�(z))erV



3) Electrokinetics

⇣ = V0

No slippage

No Debye overlap Debye Hückel, low potential

⇣ = V0

✓
1 + b

V 0
0

V0

◆
' V0

✓
1 +

b

�D

◆

Churaev 2001, Joly 2004

Slippage

vEO = �✏⇣

⌘

�V

LElectroosmosis

Bouzigues et al., PRL 2008

• b=38±6 nm
• b=0±10 nm

UEO

UEO



3) Electrokinetics

Electroosmosis / Poiseuille flow

QEO ⇠ vEO ⇥R2

Taylor-Aris dispersion
Cf. J.-B. Salmon’s talk

Electroosmosis Poiseuille

D = D

QP ⇠ R4



3) Electrokinetics

Electroosmosis in soap films

!

Electrode

Electrode

TTAB, c=cmc!

Continuous voltage
Spectrometer

5-10 mm



3) Electrokinetics

Electroosmosis in soap films

2/3

`
(analogous to Landau-Levich film)

O. Bonhomme, O. Liot

e / Rc

✓
⌘vEO

�

◆2/3

�
z=30 mVvEO = �✏

⇣

⌘
rV



3) Electrokinetics

Electroosmosis in soap films

Good semi-quantitative results
z= 30 mV

Bonhomme et al., PRL 2013

time 7mm

Q ⇠ �V 5/3!!!



1) Is an electro-osmotic flow:
a) Plug like?
b) Parabolic like? 

2) Is it affected by slippage? 

3) By the surface potential?

3) Electrokinetics

QUIZZ



3) Electrokinetics

Coupled transport 

• Electro-osmosis

• Streaming current

• Streaming current: energy recovery efficiency



3) Electrokinetics

Streaming current

• Velocity profile
v(r) induced by a difference of pressure (Poiseuille)

• Ion distribtuion profile near a charged surface
c(r) induced by a surface charge

I =

Z R

0
e(c+(r)� c�(r))v(r)2⇡rdr

Onsager reciprocity

+ ++
+

+

+

+

++- -

-

-

--

++ ++ +
+

-

-

-

(tube geometry)

I = �S
�P

L
✏
⇣

⌘
Q = �S

�V

L
✏
⇣

⌘



3) Electrokinetics

Streaming current



3) Electrokinetics

Glass capillary: R=1µm, L=2cm

Streaming current



3) Electrokinetics

Glass capillary: R=1µm, L=2cm

Streaming current and electroosmosis

I = �S
�P

L
✏
⇣

⌘ Q = �S
�V

L
✏
⇣

⌘



3) Electrokinetics

Streaming current - harvesting energy

Zhang et al., Nature Nanotechnology, dec 2018



3) Electrokinetics

Coupled transport 

• Electro-osmosis

• Streaming current

• Streaming current: energy recovery efficiency



Streaming current: energy recovery efficiency

Van der Heyden et al., Nanoletter 2006
Van der Heyden et al., Nanoletter 2007

�V = �Sstr�p
RchRL

Rch +RL

Pout =
�V 2

RL
Pin = Q�p

↵ = S2
strZchRch

k =
RL

Rch

✏ =
Pout

Pin
=

↵k

(1 + k)(1 + k � ↵k)

I = Sstr�p+�V
1

Rch

Q = �p
1

Zch
+ Sstr�V

3) Electrokinetics



3) Electrokinetics
Streaming current: Energy recovery efficiency

• Large surface charge density, large bulk concentration
= a lot of ions, good output (Sstr is large)
• Charges = dissipation by conductance, bad output 
(Rch is small)… nanofluidic diodes?

Van der Heyden et al., Nanoletter 2006
Van der Heyden et al., Nanoletter 2007
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4) Concentration gradients

Back to basis: osmotic pressure

�G = �T�S

S = entropy in J/K 
it is always positive (second principle) !

Osmotic energy
wsµoς : push



4) Concentration gradients
Back to basis: osmotic pressure

S=k ln(W), 
W = numbers of states in a system 

Leçons de physique expérimentale,
Abbé Nollet, 1770 



4) Concentration gradients

Osmotic pressure à mechanical pressure

�⇧ ⇡ 28atm

280 m water fall

Reversing osmosis for desalination Selective membrane



4) Concentration gradients

�⇧ = 2kBT�c

Applications: PRO (Pressure Retarded Osmosis)
‣ Pore size: <0.6nm
‣ Power density: 1-2.7 W/m2

‣ Maximal expected power: 7-8 W/m2

Pout = Q�⇧ Q ⇠ R4!!!

�(P �⇥)

Osmotic pressure à mechanical pressure



4) Concentration gradients

Osmotic pressure
Selective membranes: new strategies

Lee et al. Nature Nanotechnology 2014

1000 larger than for semipermeable membranes!



4) Concentration gradients

Osmotic pressure
Non-selective membranes: interactions with surfaces

Vs

Anderson, Ann. Rev of Fluid Mech., (1989)



4) Concentration gradients

lD x

z

c(z) = c1e(�
e (z)
kT )

p(z) = 2c1kT (cosh(
e 

kT
)� 1)

c1 with x

with xp Flux

Osmotic pressure
Non-selective membranes: interactions with surfaces

Vs



4) Concentration gradients

lD x

z

c(z) = c1e(�
e (z)
kT )

p(z) = 2c1kT (cosh(
e 

kT
)� 1)

@p(x, z)

@x
= ⌘

@2vx
@z2

v1 =
kT

2⇡⌘`B
ln(1� �2)

dlnc1
dx

`B =
e2

4⇡✏kT

� = tanh(
e 0

4kT
)

Diffusio-osmosis

Vs

Plug flow outside the Debye layer



4) Concentration gradients

Prepare concentration step

Pin

Pout

Pin + Δ

Pout + Δ

Solute nL + Dye Solute nR

nanochannel

h=160nm; w=5µm; L=150µm 

C. Lee, R. Fulcrand, P. Joseph, C. Cottin-Bizonne, C. Ybert

• Lithography
• R. I. E.
• Anodic bonding

Diffusioosmosis



4) Concentration gradients

Diffusioosmosis
Non-selective h>lD

Q ⇠ vhPlug flow ~

- -2 -1 0 1 2 3

-400

-200

200

400

log[CSL/CSR]

Q
(fL
/m
in
)

0

-3

LiI, NaI, KI

Lee et al., PRL 2014

v1 = �DDOr(ln(c0)) vDO ⇠ ln(c1/c2)

A 

B 

C 



4) Concentration gradients

Diffusioosmotic current

A B 

Pressure 

Voltage 

Concentration 

A

ΔV"

ΔP"

ΔC"

1 µm 

1 µm 

1 µm 

100 nm 

1 

2 

3 

4 

Siria et al., Nature 2013
Expected power density with BN 
nanotubes: 1kW/m2

I =

Z

h
e(c+(z)� c�(z))v(z)dz

Iosm = 2⇡R�
kT

2⇡`B

✓
1� `GC

�D
sinh�1 �D

`GC

◆
@c

c@x



4) Concentration gradients

Comparison diffusioosmosis -electroosmosis

Iosm = 2⇡R�
kT

2⇡`B

✓
1� `GC

�D
sinh�1 �D

`GC

◆
@c

c@xIstreaming = �⇡R2�P

L
✏
⇣

⌘

kTDc=50 bars !! >> DP

Streaming current Osmotic current



4) Concentration gradients

Comparison diffusioosmosis -electroosmosis

Iosm ⇠ R

Istr,tot ⇠ A/S ⇥ S ⇠ A Iosm,tot ⇠ A/S ⇥R ⇠ A/R

Interesting for small devices!

A

S = pR2
Channel density N ⇠ A/S

Istr ⇠ S ⇠ R2
Streaming current Osmotic current



1) Do we need selective membrane to see effects of 
salinity difference?

2) What is the most efficient: diffusioosmosis or 
electroosmosis?

3) Do you think that the two can be coupled?

4) Concentration gradients
QUIZZ
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4) Recent issues

Nanofluidic osmotic diode
Picallo et al., PRL 2013 

Nanofluidic diodes

Jubin et al., PNAS 2016

Non-symmetric Joule heating



4) Recent issues
Thermoosmosis

Miralles et al., PRL 2014
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